Let (M, g) be a pseudo-Riemannian manifold. We propose a new approach for defining the conformal Schwarzian derivatives. These derivatives are 1-cocycles on the group of diffeomorphisms of M related to the modules of linear differential operators. As operators, these derivatives do not depend on the rescaling of the metric g. In particular, if the manifold (M, g) is conformally flat, these derivatives vanish on the conformal group O(p + 1, q + 1), where dim(M ) = p + q. This work is a continuation of [2, 4] where the Schwarzian derivative was defined on a manifold endowed with a projective connection.
Introduction
Let S 1 be the circle identified with the projective line RP 1 . For any diffeomorphism f of S 1 , the expression
where x is an affine parameter on S 1 , is called Schwarzian derivative (see [6] ). The Schwarzian derivative has the following properties: (i) It defines a 1-cocycle on the group of diffeomorphisms Diff(S 1 ) with values in differential quadratics (cf. [13, 20] ).
(ii) Its kernel is the group of projective transformations PSL 2 (R). The aim of this paper is to propose a new approach for constructing the multi-dimensional conformal Schwarzian derivative. This approach was recently used in [2, 4] to introduce the multi-dimensional "projective" Schwarzian derivative. The starting point of our approach is the relation between the Schwarzian derivative (1.1) and the space of Sturm-Liouville operators (see, e.g., [21] ). The space of Sturm-Liouville operators is not isomorphic as a Diff(S 1 )-module to the space of differential quadratics. More precisely, the space of SturmLiouville operators is a non-trivial deformation of the space of differential quadratics in the sense of Neijenhuis and Richardson's theory of deformation (see [18] ), generated by the 1-cocycle (1.1) (see [12] for more details). From this point of view, the multi-dimensional Schwarzian derivative is closely related to the modules of linear differential operators. To set out our approach, let us introduce some notation. Let M be a smooth manifold. We consider the space of linear differential operators with arguments that are λ-densities on M and values that are µ-densities on M. We have, therefore, a two parameter family of Diff(M )-modules denoted by D λ,µ (M ). The corresponding space of symbols is the space S δ (M ) of fiberwise polynomials on T * M with values in δ-densities, where δ = µ − λ. In general, the space D λ,µ (M ) is not isomorphic as a Diff(M )-module to the space S δ (M ) (cf. [10, 16] ). However, we are interested in the following two cases: (i) If M := R n is endowed with a flat projective structure (i.e. local action of the group SL n+1 (R) by linear fractional transformations) there exists an isomorphism between D λ,µ (R n ) and S δ (R n ), for δ generic, intertwining the action of SL n+1 (R) (cf. [16] ). The multi-dimensional "projective" Schwarzian derivative was defined in [2, 4] as an obstruction to extend this isomorphism to the full group Diff(R n ).
(ii) If M := R n is endowed with a flat conformal structure (i.e. local action of the conformal group O(p + 1, q + 1), where p + q = n), there exists an isomorphism between D λ,µ (R n ) and S δ (R n ), for δ generic, intertwining the action of O(p + 1, q + 1) (cf. [9, 10] ). In this paper we introduce the multi-dimensional "conformal" Schwarzian derivative in this context. Recall that in the one-dimensional case these two notions coincide in the sense that the conformal Lie algebra o(2, 1) is isomorphic to the projective Lie algebra sl 2 (R).
Differential operators and symbols
Let (M, g) be a pseudo-Riemannian manifold of dimension n. We denote by Γ the LeviCivita connection associated with the metric g.
Space of linear differential operators as a module
We denote the space of tensor densities on M by F λ (M ), or F λ for simplify. This space is nothing but the space of sections of the line bundle (∧ n T * M ) ⊗λ . One can define in a natural way a Diff(M )-module structure on it: for f ∈ Diff(M ) and φ ∈ F λ , in a local coordinates (x i ), the action is given by
where J f = |Df /Dx| is the Jacobian of f . By differentiating this action, one can obtain the action of the Lie algebra of vector fields Vect(M ).
Let us recall the definition of a covariant derivative on densities. If φ ∈ F λ , then ∇φ ∈ Ω 1 (M ) ⊗ F λ given in a local coordinates by
with Γ i = Γ t ti . (Here and bellow summation is understood over repeated indices).
Consider now D λ,µ (M ), the space of linear differential operators acting on tensor densities A :
The action of Diff(M ) on D λ,µ (M ) depends on the two parameters λ and µ. This action is given by the equation 
(S 1 ) (see [21] ).
The module of symbols
The space of symbols, Pol(T * M ), is the space of functions on the cotangent bundle T * M that are polynomials on the fibers. This space is naturally isomorphic to the space S(M ) of symmetric contravariant tensor fields on M. In local coordinates (x i , ξ i ), one can write
We define a one parameter family of Diff(M )−module on the space of symbols by
For f ∈ Diff(M ) and P ∈ S δ (M ), in a local coordinate (x i ), the action is defined by
where J f = |Df /Dx| is the Jacobian of f, and f * is the natural action of Diff(M ) on S(M ). We then have a graduation of Diff(M )-modules given by
where S k δ (M ) is the space of contravariant tensor fields of degree k endowed with the Diff(M )-module structure (2.4).
We want to study the space of contravariant tensor fields of degree less than two,
Conformal Schwarzian derivatives
Let (M, g) be a pseudo-Riemannian manifold. Denote by Γ the Levi-Civita connection associated with the metric g.
Main definition
It is well known that the difference between two connections is a well-defined tensor field of type (2, 1). It follows therefore that the difference
where f ∈ Diff(M ), is a well-defined (2, 1)-tensor field on M .
It is easy to see that the map
defines a non-trivial 1-cocycle on Diff(M ) with values in the space of tensor fields on M of type (2, 1). Our first main definition is the linear differential operator A(f ) acting from
and ℓ(f ) k ij are the components of the tensor (3.1) (3.2) does not depend on the rescaling of the metric g. In particular, if M := R n and g is the flat metric of signature p−q, this operator vanishes on the conformal group O(p + 1, q + 1).
Proof. To prove (i) we have to verify the 1-cocycle condition
where h * is the natural action on
). This condition holds because the first part of the operator (3.2) is a coboundary and the second part is a 1-cocycle.
Let us proof that this 1-cocycle is not trivial for δ = 2/n. Suppose that there is a first-order differential operator
The right-hand side of this equation depends on the second jet of the diffeomorphism f, while the left-hand side depends on the first jet of f, which is absurd. For δ = 2/n, one can easily see that the 1-cocycle (3.2) is a coboundary.
Let us prove (ii). Consider a metricg = F · g, where F is a non-zero positive function. Denote byÃ(f ) the operator (3.2) written with the metricg. We have to prove that A(f ) = A(f ). The Levi-Civita connections associated with the metrics g andg are related byΓ
where
We need some formulae: denote by ℓ(f ) the tensor (3.1) written with the connectiong, then we havẽ
where *
. By substituting the formulae (3.6) into (3.2) we get
Let us prove that the operator (3.2) vanishes on the conformal group O(p + 1, q + 1) in the case when M := R n is endowed with the flat metric g 0 := diag(1, . . . , 1, −1, . . . , −1) whose trace is p − q. Any f ∈ O(p + 1, q + 1) satisfies f * −1 g 0 = F ·g 0 , where F is a non-zero positive function. This relation implies
Sibstitute these formulae into (3.2). Then we obtain by straightforward computation that
where ℓ(f ) is the tensor (3.1), R is the scalar curvature of the metric g, and the constants c 1 , . . . , c 6 , are given by
The operator (3.7) does not depend on the rescaling of the metric g. In the flat case, this operator vanishes on the conformal group O(p + 1, q + 1).
Proof. To prove that the map f → B ij (f −1 ) is a 1-cocycle, one has to verify the 1-cocycle condition
To do this, we use the formulae
for all f, h ∈ Diff(M ) and for all P kl ξ k ξ l ∈ S 2 δ (M ). Let us prove that this 1-cocycle is not trivial. Suppose that there exists an operator
It is easy to see that
The right-hand side of this relation depends on the second jet of f, while the the left-hand side depends on the first jet of f, which is absurd.
n−2 n−1 R is the so-called Yamabe-Laplace operator (see, e.g., [1] ).
Let us prove (ii). Consider a metricg := F · g, where F is a non-zero positive function. Denote byB(f ) the operator (3.7) written with the metricg. We have to prove that B(f ) = B(f ). The proof is similar to the proof of part (ii) of Theorem (3.1), by means of the equation (3.5), (3.6) and
for all P ij ξ i ξ j ∈ S 2 δ (M ), where∇,l(f ) andR are, the covariant derivative, the tensor (3.1), and the scalar curvature associated with the metricg, respectively.
Cohomology of Vect(M) and Schwarzian derivatives
We will give here the infinitesimal 1-cocycle associated with the 1-cocycles A and B. First, let us recall the notion of a Lie derivative of a connection. For each X ∈ Vect(M ), the Lie derivative
of ∇ is a well-known symmetric (2, 1)-tensor field. The map
defines a 1-cocycle on Vect(M ) with values in the space of symmetric (2, 1)-tensor fields on M.
The linear differential operator a defined by
where the constant c is as in (3.3) and L X ∇ is the tensor (3.10), acts from S 2 δ (M ) to S 1 δ (M ). The linear differential operator b defined by
where the constants c 1 , c 2 and c 6 are as in (3.1) and L X (∇) is the tensor (3.10), acts from S 2 δ (M ) to S 0 δ (M ). The following two propositions follow by straightforward computation. In section (4.2), we will show that the space D 2 λ,µ (M ) can be viewed as a non-trivial deformation of the module S 2,δ (M ) in the sense of Neijenhuis and Richardson's theory of deformation (see also [10, 15] ). According to the theory of deformation, the problem of "infinitesimal" deformation is related to the cohomology group
To compute the cohomology group (3.12) we restrict the coefficients to the space of linear differential operators on S 2,δ (M ), denoted by D(S 2,δ (M )). This space is decomposed, as a Vect(M )-module, into the direct sum
). The relation between the Schwarzian derivative (1.1) and the cohomology group above is as follows: recall that in the one dimensional case the space S k δ (S 1 ) is nothing but F δ−k . In this case, the problem of deformation with respect to the Lie algebra sl 2 (R) is related to the cohomology group
where k, l = 0, 1, 2. The cohomology group (3.13) was calculated in [5] , it is one dimension for k = 2, l = 0, and zero otherwise. The (unique) non-trivial class, for k = 2 andl = 0, can be integrated to the group of diffeomorphisms Diff(S 1 ); it is a zero-order operator given as a multiplication by the Schwarzian derivative (1.1) (see [5] for more details).
In the multi-dimensional case and for δ = 0, the first group of differential cohomology of Vect(M ), with coefficients in the space D(S k (M ), S m (M )) of linear differential operators from S k (M ) to S m (M ) was calculated in [16] . For n ≥ 2 the result is as follows
(3.14)
We believe, by analogy for the one-dimensional case, that the "infinitesimal" multi-dimensional Schwarzian derivative is a cohomology class in the cohomology group above for k − m = 2. This class is nothing but the operator b defined in (3.11).
Comparison with the projective case
Let M be a manifold of dimension n. Fix a symmetric affine connection Γ on M (here Γ is any connection not necessarily a Levi-Civita one). Let us recall the notion of projective connection (see [14] ). A projective connection is an equivalent class of symmetric affine connections giving the same unparameterized geodesics.
Following [14] , the symbol of the projective connection is given by the expression (x 1 , . . . , x n ) such that the symbols Π k ij are identically zero (see [14] for a geometric definition). Every flat projective connection defines a projective structure on M . Let Π andΠ be two projective connections on M. The difference Π −Π is a well-defined (2, 1)-tensor field. Therefore, it is clear that a projective connection on M leads to the following 1-cocycle on Diff(M ):
This formula is independent on the choice of the coordinate system. By definition, the tensor field (3.16) depends only on the projective class of the connection M. In particular if Π ≡ 0, this tensor field vanishes on the projective group PSL n+1 (R).
One can define a 1-cocycle on Diff(M ) with values in D(S 2 δ (M ), S 1 δ (M )) by contracting any symmetric contravariant tensor field with the tensor (3.16). Therefore, the operator (3.2) can be viewed as the conformal analogue of the tensor field (3.16). In the same spirit, the operator (3.7) can be viewed as the conformal analogue of the "projective" multi-dimensional Schwarzian derivative introduced in [2, 4] . 4 Relation to the modules of differential operators
Conformally equivariant quantization
The quantization procedure explained in this paper was first introduced in [10, 15] . By an equivariant quantization we mean an identification between the space of linear differential operators and the corresponding space of symbols, equivariant with respect to the action of a (finite dimension) sub-group G ⊂ Diff(R n ). Recall that in the one-dimensional case the equivariant quantization process was carried out for G = SL 2 (R) in [8] (see also [12] ).
The following theorems are proven in [10] . 
given as follows: for all P = P i ξ i + P 0 ∈ S 1 δ (M ) ⊕ S 0 δ (M ), one can associate a linear differential operator given by
where 
This map does not depend on the rescaling of the metric, intertwines the action of Diff(M ).
where R ij (resp. R) are the Ricci tensor components (resp. the scalar curvature) of the metric g, the constants α 1 , . . . , α 6 are given by
,
and has the following properties: (i) It does not depend on the rescaling of the metric g.
(ii) If M = R n is endowed with a flat conformal structure, this map is unique, equivariant with respect to the action of the group O(p + 1, q + 1) ⊂ Diff(R n ).
Before to give the formula of the conformal equivariant map in the case of surfaces, let us recall an interesting approach for the multi-dimensional Schwarzian derivative for conformal mapping [19] (see also [7] ). First, recall that all surfaces are conformally flat. This means that every metric can be express (locally) as
where ψ is a conformal diffeomorphism of M , F is a non-zero positive function and g 0 is a metric of constant curvature. The Schwarzian derivative of ψ is defined in [19] as the following tensor field
Now we are in position to give the quantization map for the case of surfaces. For δ = 1, 2, , and for each P = P ij ξ i ξ j + P i ξ i + P 0 ∈ S δ,2 (M ) one associates a linear differential operator given by
where S(ψ) is the tensor (4.3), R is the scalar curvature and the coefficients α 1 , . . . , α 4 are given as above.
Remark 4.3
The projectively equivariant quantization map was given in [15] (see also [3] for the non-flat case). The multi-dimensional projective Schwarzian derivative is defined as an obstruction to extend this isomorphism to the full group Diff(M ). We will show in the next section that the conformal Schwarzian derivatives defined in this paper appear as obstructions to extend the isomorphisms (4.2), (4.4) to the full group Diff(M ).
Deformation of the space of symbols S 2,δ
The goal of this section is to explicate the relation between the 1-cocycles (3.2), (3.7) and the space of second-order linear differential operators D 2 λ,µ (M ). Since the space D 2 λ,µ (M ) is a non-trivial deformation of the space of the corresponding space of symbols S δ,2 (M ), where δ = µ − λ, it is interesting to give explicitly this deformation in term of the 1-cocycles (3.2), (3.7). Namely, we are looking for the operatorf
n , the deformation of the space of symbols S δ,2 (M ) by the space D 2 λ,µ (M ) as a Diff(M )-module is given as follows: for all P = P ij ξ i ξ j + P i ξ i + P 0 ∈ S δ,2 (M ), one has
and f δ is the action (2.4).
Proof. The proof is a simple computation using (3.8) and the formulae
m jk , for all φ ∈ F λ and for all f ∈ Diff(M ), where R ij are the Ricci tensor components.
The 1-cocycle A, B and the conformally invariant quantization
We will show in this section that the quantization procedure is not invariant if one consider two metrics conformally equivalent. The obstruction of the invariance is given by the 1-coycles A and B.
Given two conformally equivalent metrics g,g. Denote by ∇, A and B, the covariant derivative, the 1-cocycles (3.2) and (3.7) written with the metric g, respectively. We have 
for all φ ∈ F λ and for all P i ξ i ∈ S 1 δ (M ). Substitute these formulae into (4.1) we see that Qg λ,µ = Q 
